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I. Introduction 

There are many interesting connections between differential operators and the 
theory of modular forms and many interesting results have been studied. In [10J, 
R. A. Rankin gave a general description of the differential operators which send 
modular forms to modular forms. In [6], H. Cohen constructed bilinear operators 
and obtained elliptic modular form with interesting Fourier coefficients. In [12j, D. 
Zagier studied the algebraic properties of these bilinear operators and called them 
as Rankin-Cohen brackets. In [13], following Rankin's method, Zagier computed the 
n-th Rankin-Cohen bracket of a modular form g of weight k\ with the Eisenstein 
series of weight k 2 and then computed the inner product of this Rankin-Cohen 
bracket with a cusp form / of weight k = k\ + k 2 + In and showed that this inner 
product gives, upto a constant, the special value of the Rankin-Selberg convolution 
of / and g. 

Rankin-Cohen brackets for Jacobi forms were studied by Y. Choie [21 E] by using 
the heat operator. Following the work of Zagier mentioned in the above paragraph, 
Y. Choie and W. Kohnen [5] generalized the above result of Zagier to Jacobi forms. 
They computed the Petersson scalar product (/, [g, Ek 2t m 2 } u ) of a Jacobi cusp form 
/ of weight k, index m against the Rankin-Cohen bracket [g, Ek 2t m 2 }u of a Jacobi 
form g of weight k\, index m\ and the Jacobi Eisenstein series Ek 2 , m2 of weight k 2 , 
index 777.2, where k = k\ + k 2 + 2u and m = ni\ + 7772. Although the concept of 
Rankin-Selberg convolution has not been done yet in the case of Jacobi forms, the 
above mentioned work of Choie and Kohnen gives the inner product considered in 
terms of the special value of a kind of Rankin-Selberg type convolution of the Jacobi 
forms / and g. 

In this paper, we generalize the work of Choie and Kohnen to Jacobi forms defined 
over TC x C^ 9 ' 1 ). Since the method is similar, we shall give only a brief sketch of the 
proof with the corresponding steps. 



2. Preliminaries on Jacobi forms over TC x C (9,1) 

Let g > 1 be a fixed positive integer. The Jacobi group T{ = Ti x {wS 9 ^ x Z^ 9 ' 1 )) 
acts on TC x C 1 - 9 ' 1 - 1 in the usual way by 
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where Ti = SX 2 (Z) is the full modular group. 

Let fceZ and M be a positive definite symmetric half- integral matrix of size g x g. 

If 7 = \\c ^dj ' (^'^M ^ ^i.s anc ^ * s a complex valued function on 7i x C^' 1 ^, 
then define 

0| fc ,M7 := (cr + d)~ k e(-c(cT + d)- x M[z + At + //] + M[A]r + 2A 4 Mz)0( 7 o (r, 
where A[B] = B l AB with A, B matrices of appropriate size. 

Let Jk,M be the space of Jacobi forms of weight k and index M on T{ . That 
is, the space of holomorphic functions 4> : TC x C^ 9 ' 1 ^ — > C satisfying 0|fc ; M7 = 0, 
V7 G rf and having a Fourier expansion of the form 

4>(t,z) = c(n, r)e{nr + rz). 

neZ,reZ g ,4n>Af -1 [r*] 

Further, we say that F is a cusp form if and only if c(n, r) 7^ implies 4n > M _1 [r*]. 
We denote the space of all Jacobi cusp forms by J™m- 

For F,G G Jfc,M with one of them a Jacobi cusp form, the Petersson inner product 
is defined as 

(F, G) = [ F(r, z)Gj^)v k e(-AjcM[y] ■ v' 1 ) dV g J , 

^r i / 9 \wxc(9' 1 ) 

where r = u + iv,z = x + iy, and <iV^ J = v~ 9 ~ 2 dudvdxdy is the invariant measure. 
The space {J^m ■>(■>)) * s a finite dimensional Hilbert space. For more details on 
Jacobi forms on Ji x C^ 9 ' 1 - 1 we refer to [TJ [T4"] . 

2.1. Poincare series. Let n G Z,r G Z 9 , with 4n > M _1 [r*]. For k > g + 2 let 

Pk,M\(n,r) be the (n, r)-th Poincare series in characterized by 

(1) (0, Pk,M;(n,r)) = Xk,M,D fy(n, r) for all G J£^f, 

where c^(n,r) denotes the (n, r)-th Fourier coefficient of <fi and 

A t , M ,D := 2<»- 1 »< t -»' 2 - 1 »-»r(fc - j/2 - l)ir-* + »/ 2+1 (det M) t -<» +3 >/J£r t +»/2+i i 

d = detpr), r = (;; 2 r lf) . 

The Poincare series Pk,M;(n,r) h as the following Fourier expansion 
Pk,M;(n,r){r, z)= ^ {9k,M;(n,r){n' , r') + (-l) k g k ,M;(n,r){n' ', -r')) e(nV+r'z), 

where 

^;(n,r)(n', r') = 5 M (n, r, n', r') + r^-^det M)" 1 / 2 

nVD'D 



. {D , /D)k /2- 9/ 4-i/2 J- H M>c (n, r, n', r') J*- s/2 -i ( ^ 

C>1 \ 



det M • c 
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where 

D-det2( n> r ' /2 

f 1 ifD = D\r' = r (mod Z» • 2M) 
° ml ' r ' n ,r ] ■ \ otherwise 

and 

H M ,c( n , r > n ', r> ) = c _9/2_1 e c(( M [ x ] + ra; + n )2/ -1 + ra V + r / x)e 2c (r / M _1 r < ) 

x(mod c), 
i/(mod c)* 

[In the above, x (resp. y) runs over a complete set of representatives for Z^'/cZ^' 1 ) 
(resp. (Z/cZ)*, and y _1 denotes an inverse of y (mod c), e c (a) := e 27na / c , a G Z, 
and Jfc_ g /2-i denotes the Bessel function of order fc — g/2 — 1.] For details we refer 
to pQ Lemma 1]. 



3. Generalized Heat Operator 

For a positive definite symmetric half- integral matrix M = (m^-) of size g x g, we 
define the heat operator by 

(2) L M = 8.i|M| °- - £ M,|- A, 

where |M| = det M, Mjj is the cofactor of the entry m^-, r 6 z* = (z 1; z 2 , • • • , z g ) 
G C 9 . Note that when g = 1 the above heat operator reduces to the classical heat 
operator, viz., Snimj^ — £-5. 

Let r* = (ri, r2, • • ■ , r g ). Then using the fact that 

d 

— — (e(w + rz)) = 27rm e(nr + rz), 

(e(nr + rz)) = 2ni r a e(nr + rz), 1 < a < g, 



dz, 
d d 



(e(nr + rz)) = (27ri) 2 r a rp e(nr + rz), 1 < a, (5 < g, 



dz a dzp 
we get 
(3) 

Lm (e(nr + rz) — 8iri\M\ ■ 2irin ■ e(nr + rz) — M a p{2T[i) 2 r a rp e(nr + rz) 

l<o,/3<9 

= (27ri) 2 (4n|M| - M[r*]) e(nr + rz), 

where A denotes the matrix (Aij) with A^ being the cofactor of the ij-ih entry of 
the symmetric matrix A. 

We obtain the action of the heat operator on Jacobi forms in the following lemma. 
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Lemma 3.1. Let F G Jk,M- Then 



( 4 ) ( L MF)\ k+2jM A = L M (F\ kM A) + (8m\M\) (k - §) ) (F\ kM A), 



7r + 5 



for all A — I ^ 1 G IV In general, for any integer v > 0, 

{L V M^)\k+2u,MA 

Moreover, for all A, A' G Z 9 , 

(6) L M (FU / [A,A']) = (^i 71 )Uf[A,A']. 

Proof. Though our Lm operator differs (slightly) from the operator defined in [3], 
the proof goes along the same lines of the proof of Lemma 3.3 of j3]- □ 

We now define the Rankin-Cohen bracket for Jacobi forms on TC x C^ 3 ' 1 ). 

Definition: Let v > be an integer and let F G Jk lt Mi,G G Jk 2 ,M 2 , where k\,k 2 
are positive integers and M\ and M 2 are positive-definite, symmetric half-integer 
matrices of size g x g. Define the v-th Rankin-Cohen bracket of F and G by 
(7) 

Using Lemma [3.11 we show that the Rankin-Cohen bracket [ , ]„ gives a bilinear 
map from J&^Mi x Jk 2 ,M 2 to ^fci+fe 2 +2i/,Mi+M 2 ( m fact, to ■^fe 1 +fc 2+ 2i/,Mi+M 2 

if v> 0). 

Proposition 3.2. Let v > fee an integer and let F G Jkx,M^G G Jk 2 .M 2 - Then 

[F,G] V G Jfe 1 +A; 2 +2 i /,M 1 +M2 • lfv>0, then [F,G] V G ^+fc 2+2l ,,Mi+-M2 ■ 

Proof. By ([6]) we see that the action of the heat operator on Jacobi forms is invariant 
under the lattice action and so the invariance with respect to the lattice action of 
the Rankin-Cohen bracket follows from the definition. It remains to show that the 
Rankin-Cohen bracket is invariant, under the stroke operation, with respect to the 

c d ) ^ ^ 1 



RANKIN'S METHOD 



5 



(8) 

[F, G] u \ ki+k2+2 ^ Mi+M2 A 



u=0 «=0 



TnT"^ Mi r~" M 2 



(fcj + Z)! (£; 2 + z/-Z)! 
(A^ + u)! (& 2 + u ) ! \cr + d 



L U M AF) U m (G) 



where kj = kj — | — 1, j = 1,2. When u + v = u, the right-hand side becomes 
[F, G] u , and so it remains to show that the terms corresponding to u + v < v 
vanish. It is easy to see that the coefficient corresponding to L\ (F) L V M2 (G) , with 
u + v < v — 1, -u < t> is given by 



CT + dJ 11 11 U\(k[ + u)\ v\(k' 2 + w)! (Z - w)!(z/ — u - Z)! 

and the sum in the last expression is equal to zero. This completes the proof. □ 

We shall now state the main theorem of this paper. 

Theorem 3.3. Let F e J^m w ^h Fourier coefficients a(n,r) and G G Jki,Mi with 
Fourier coefficients b(n,r). Let E k2)M2 be the Jacobi Eisenstein series in Jk 2 ,M 2 su °h 
that k = ki + k 2 + 2v with v > 0, M = M 1 + M 2 and k x > g + 2, k 2 > k x + g + 2. 
Then 



(a \ /rirr V- (47i|ML|-Mi[r*])"o(n,r)6(n,r) 



,„,.,._.,,. (4n|M|-MM)^A- 

4n>M 1 1 [r*] 



u>/iere 

(10) c fc , fc2 ,M,M 2)9; , = 2 fe '^- 1 )-^ 2 ^- fc '- 2 HM| fc '- 1 / 2 |M 2 |^r(^) 7 ^ ^ 



(k' 2 + u)V 

with k' = k - g/2 - 1, k' 2 = k 2 - g/2 - 1. 

The rest of this section is devoted to a proof of Theorem 13.31 

3.1. Action of heat operator on Eisenstein series. Let M be as before and 
let Ek,M be the Jacobi Eisenstein series of weight k and index M defined by 

( n ) E ^m= £ l| fcjM 7, 

7erf i9]00 \rf iS 

where Tf^ = { M J M , (0, |a e Z, // e Z»J . 
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Lemma 3.4. For a positive integer v , we have 
(12) 

(L M E k>M )(r,z) = (-4) T{k _ g/2) \M\ 
fa b \ 

[c d j er -- /r - AeZ 
Proof. Using the definition of the Eisenstein series, we have 

L v M E kM = L m (}\ k , M ^) ■ 



By taking ^ ° ^ ) ' ^ a ^' ^) aS a S6 ^ °^ cose ^ re P resen tatives in the above sum, 
where ^ ^ ^ ^ G r 1; A G Z 9 , we have 

L v M E kM = L M\}\ k , M \ c d )) Im(° A ' 6A )- 

/a &\ 
[c df 



\eSL 2 (Z),\GZa. 



It is easy to see that 



kM \ c d J J " V V cr + d 

= -8mc\M\(k - #/2)(cr + d)~ k ' l e 

where we have used the fact that 



-c M[z] 
ct + d J ' 



l<a,/3<9 \1<*<<? / \l<i<9 ) l<a,P<g 



^2 M apm a/3 = g\M\ 

l<a,/3<3 



Therefore, 
(13) 



( _ 4r r(fe -^/2 + ,) |Mr(27r , cr(cr + dyk _ Ve f-c M[z] 



T(k-g/2) 1 1 v ' v y V cr + rf 
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Since, 

t'-c M[z] 



(14) =(cr + d)-- e fM[A]^ + 2At ^ cM \ z \ 



ct + d cr + d ct + d / 
the required result follows. □ 

3.2. Representation of [G,E] U in terms of the Poincare series. We first 
obtain a growth estimate for the Fourier coefficients of a Jacobi form. 

Lemma 3.5. Let k > g + 2 and F e J k ,M with Fourier coefficients c(n,r). Put 
D 1 = Y. i , 3 M ij r l r ] -An\M\. Then 

(15) c{n,r) < \D 1 \ k - 9/2 -\ if D x < 0. 
Moreover, if F is a cusp form, then 

(16) c(n,r) < |£>i| fc/2 -* /a . 

In i/ie above the -C constants depend only on k,g and \M\. 

Proof. If F is a cusp form, then the required estimate was proved by Bocherer and 
Kohnen [1]. If F is not a cusp form, then it can be written as a linear combination of 
the Eisenstein series E^m and a cusp form. We now show that e ki M(n, r), the (n, r)- 
th Fourier coefficient of E^m, satisfies the estimate (1151) . from which the lemma 
follows. Taking the same set of coset representatives as in the proof of the above 
lemma, we get 

a b 
c d 



\ E En 



Ek,M — - / 4 i/ 

c,de2,(c,d)=l AeZs 



(aA, 6A) 



- ^{cr + d)- k e (-^-^M[z + aXr + bX] + M[aX]r + 2aX t Mz\ 



c,deZ,(c,d)=l Ae» ^ 



ar + 6 2A*Mz ^ M [*] 



cr + d cr + d ct + d 



Proceeding in the usual way by splitting the sum into two parts as c = and 
c 7^ 0, we see that 



E k , M (r, z) = Y, e(M[X]r+2X t Mz)+J2 c~ k ^ £ e(-M[X])F k , M (r+d/c, z-X/c), 

Ae» c=l d(c),(d,c)=l A(c) 

where F ktM (r,z) = E p6Zi g eZ9 (r + p) _fc e ( "^j^ J • Using the Poisson summation 
formula the (n, r)-th Fourier coefficient of F kj M(T, z) is given by 

if M[r*] >4n|M|, 

' " ' 1 afcjMl" 1 / 2 f^(4n|M| - M[r']J if M[r f ] < 4n\M\. 



where , 
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1 \ 9/2 7rcsc(vr(A;-g/2)) 



2i 



T(k-g/2) 



. Plugging in this Fourier coefficient and 



estimating the Gauss sum we get 

ejfe,Af (n,r) < D^' 9 ' 2 ' 1 , 
where the <C constant depends only on k,g and |M|. 



□ 



We need the following lemma which gives the absolute convergence of a series 
which is required to get an expression of the Rankin-Cohen bracket of F with the 
Eisenstein series in terms of the Poincare series. 



Lemma 3.6. The series 



v k e -2nM[y]/v 



E 



(4n|Mi| - M 1 [r t ]Y b(n,r) e(nr + rz)\ k M ^y 



n€Z,r£ZS ,4n>M 1 [r*], 

(r = u + iv,Zj = Xj + iyj,y = (yi,y2, • ■ ■ ,VgY) is absolutely uniformly convergent 
on the subsets V e> c = {(t, z) G 7i x <C 9 \v > e, < C, \xj\ < 1/e, u < 1/e, Vj = 



1, 2, • • • , g} /or given e > 0, C > 



Proof. Using Lemma 13.51 it is sufficient to prove the uniform convergence of the 
series 

E 

ne2,r£ZS,4n>Mj 1 [r t ], 



v k e -2nM[y]/v 



(AnlMil - Milr 1 ])^ 1 -^ 2 - 1 ] (e{nr + rz)\ kM jj (r, z) 



in the given ranges. Let r' G 7i 9 such that Z : = 



r 2! 
z t' 



G Hg+i. Also let 



r* /2 \ 

r/2 M J' ^°^ e ^ e assum Ption that 4n > Aff [r*], we see that 

T is positive semi-definite. Now we embed iY = Ti x (Z 9 x Z 9 ) into T g+ i (denoted 
by 7 i— > 7*) defined by combining the following two embeddings: 

// a 6 \ \ 



a b 
c d 



and 



V 



o i s _i o o 9 _! 

c d 
V 9 _i J s _! / 



(A,//) 



/ A 





B 




\ 


A 


1 


/' 







C 





D 


-A' 




\ 








1 


/ 



where (A'*,//*) = (A,//) 



A B 
C D 



Therefore, we have 



inT + rz)\ KMl ) (r,z)=e(mr') (e(tr(TZ)) | fc7 *) (Z), 
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where is the usual stroke operation on functions F defined on H g+ i. We can now 
view the sum of the absolute terms of the (n, r)-th Poincare series as a sub-series of 
the sum of the absolute terms of the T-th Poincare series on Let (r, z) G V e c 



for some e > and C > 0. Then by taking t' 



i mm 

i<i<9 



y 



- + 8 > with 5 > 0, we 



see that Z 



T Z 

z t' 



G Ti-g+i with F = Im Z > e'/2 for some e' depending on 



e, C and 5. The sum of the absolute terms of the T-th Poincare series on the subsets 
F > € , I g ,tr(X'X) < 4 (up to some constants) is majorized by that sum evaluated 
at an arbitrary single point Z , say Z Q = il g , (cf. [8j [9]). So, it is sufficient to prove 
the convergence of the above series at (r, z) = (i, 0, • • • ,0). i.e., the convergence of 
the series (using the the coset representation) 



E 



(4n|Mi| -Mi[r*]) 



tl\i/+fcl -9/2-1 



fe I 2m ( j=j^ M [aXi+b\] +M[aX])\ 



iGZ,r£Z9,4n>Af 1 1 [)-*], 
(c,d) = l,AeZ9 



x e 



27ri(n^+r aA '+^ A 

v cz+a ci-\-d 



Now proceeding as in [5] we get the required convergence with the assumption that 
k 2 > h + g + 2. □ 



Proposition 3.7. Let fc, fci, fc 2 , M, M 1; M 2 oe as m Theorem 3.3. Let G G Jki,Mi 
with Fourier expansion 



G(t,z)= E] 6(n, r)e(nr + rz). 



nSZ.rGZS, 



TTien 
(17) 

[G, £jfc 2 ,M 2 ]i/ = c klMtMl ,M2,g;u E (4n|Mi| -Mifr*]) 17 6(n,r) Pk,M;(n,r), 

nSZ,reZ9 ,4n>Aff 1 [r t ] 



w/iere c klM , Mx>M ^ g;v = (2vr) ^|M 2 



-*,,„,-„ «!(fe-p/2-l)! 



(A; 2 -^/2 + i/-l)! 



Proof. Using the definition of the Poincare series, the action of the heat operator on 
Fourier coefficients, and by the absolute convergence (obtained in Lemma 13.61) we 
see that the series on the right-hand side of (ITTj) can be written as 

E (^M/ 7 ) ^ ' (2«)^(ik G )(7°(v)) 

7erf ig>00 \r^ 

7er£ fl>0O \rf ifl 
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Taking the same set of representatives as in the proof of Lemma 13.41 for the sum 
over 7 and using (jSj) and the fact that G G Jk^Mn we get 

7erf jS]00 \rf i9 

/ -N-ih/ ( fc i -g/2 + v- 1)! / i/\ i ,„_ t j , v , 

= (2 ™ } ^ 4 (fc.-^ + Z-l)! 0J |Ml1 W^Ofo*) 

{— d ) + d) e ( 1 + M * A l + 2 < aA > Afo ) 



a b 
c d 



Using Lemma 13.41 the inner sum in the above expression is equal to 

(-4) {k2 - g/2 + u-l-iy m L M 2 E k2 ,u 2 (r,z). 
Therefore, we finally find that the sum on the right-hand side of (|17[) equals 

y ' U (h-g/2 + l-l)\(k 2 -g/2 + p-l-l)\ 11 1 ' 



x L l Ml (G)(r,z)L^E k2 , M2 (r,z). 
The proof is now complete. □ 



3.3. Proof of Theorem 13. 3L We first observe that by Lemma 3.5 the series on 
the right hand side of ([9]) is absolutely convergent and hence is majorized by 



/ ~ \fci— g/2— l+v 

(^4n|Mi| -Mi[r*]J n g/2 ^-g/2-l+v i 

/ I \ fc/2-1 ^ r.k/2-l = 2-^ k 2- k i < X 



n>i,rezs 1 4n|M| — M[r*l ) »»>i ' n>i n 2 

after putting k = k\ + k 2 + 2z/ and by our assumption that k 2 > k\ + g + 2. 

The standard fundamental domain for the action of T{ on ft x C (9 ' 1} is contained 
in one of the sets V ej c occurring in the statement of Lemma 13.61 for appropriate e 
and C. Therefore, using Lemma [3.61 we deduce from Lemma [3.71 that 

(F, [G, E k2] M 2 ]v) = c kl ,k 2 ,Mi,M2,g;u £ (4n|M 1 |-M 1 [r']) i/ 6(n,r)(F,P fciM;(nir) ). 

where Ck u k 2 ,M\Mim v * s defined as in ( 1171) . 

Note that 4n > M-f 1 [r*] implies An > M _1 [r*] and hence the Poincare series 
Pk,M;(n,r) are cusp forms. On the other hand, if 4n = M-f^r*], 4n > M _1 [r'] 
implies r = and n = 0, in which case one has the Eisenstein series Ek,M- Since F 
is a cusp form, (F^E^m) is zero. Thus using (CQ), we obtain 
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(F, [G, Ek 2! M 2 ]u} — Ck,k 2 ,M,M 2 ,g;u 



(4n|Mi| - Mi[r t ]Y a(n,r)b(n,r) 



(An\M\ — M[r*]) fc ~f/ 2 ~ 

lrj.ii 



4n>M, [r*] 

where Ck,k 2 ,M m 2 ,q\v is defined as in ( TTDj) . □ 



References 

[1] S. Bocherer and W. Kohnen, Estimates for Fourier coefficients of Siegel cusp forms, Math. 

Ann. 297 (1993), 499-517. 
[2] Y. Choie, Jacobi Forms and the Heat Operator, Math. Z. 1 (1997), 95-101. 
[3] Y. Choie, Jacobi Forms and the Heat Operator II, Illinois J. Math. 42 (1998), 179-186. 
[4] Y. Choie and H. Kim, Differential Operators on Jacobi Forms of Several Variables, J. Number 

Theory. (2000), 82, 140-163. 
[5] Y. Choie and W. Kohnen, Rankin's method and Jacobi forms, Abh. Math. Sem. Uni, Hamburg 

67 (1997), 307-314. 

[6] H. Cohen, Sums involving the values at negative integers of L- functions of quadratic characters, 

Math. Ann. 217 (1977), 81-94. 
[7] M. Eichler and D. Zagier, The Theory of Jacobi forms, Prog, in Mathematics 55, Birkhauser 

1985. 

[8] W. Kohnen, On the Uniform convergence of Poincare series of exponential type on Jacobi 

groups Abh. Math. Sem. Uni, Hamburg 66 (1996), 131- 134. 
[9] H. Maass, Uber die gleichmafiige Konvergenz der Poincarechen Reihen, n-ten Grades. Nachr, 

Akad. Wiss. Gottingen (1964), 137-144. 
[10] R. A. Rankin, The Construction of automorphic forms from the derivatives of a given form, 

J. Indian Math. Soc. 20 (1956), 103-116. 
[11] R. A. Rankin, The construction of automorphic forms from the derivatives of given forms, 

Michigan Math. J. 4 (1957), 181-186. 
[12] D. Zagier, Modular forms and differential operators, Proc. Indian Acad. Soc. 104 (1994), 

57-75. 

[13] D. Zagier, Modular forms whose Fourier coefficients involve zeta functions of quadratic fields: 

Modular Forms of one variable VI, Lecture Notes in Mathematics 627 (1977), 106-169. 
[14] C. Ziegler, Jacobi forms of higher degree, Abh. Math. Sem. Univ. Hamburg 59 (1989), 191-224. 

Harish-Chandra Research Institute, Chhatnag Road, Jhusi, Allahabad 
211 019, India. 

E-mail address, B. Ramakrishnan: ramkiOhri .res . in 
E-mail address, Brundaban Sahu: sahu@hri.res.in 



